The observation that SU (3)/SU (2) ∼ = S 5 implies the existence of a particularly simple quantized topological action, or Wess-Zumino-Witten (WZW) term. This action plays an important role in anomaly cancellation in extensions of the Standard Model electroweak sector. A closed form is presented for the action coupled to arbitrary gauge fields. The action is shown to be equivalent to a limit of the WZW term for SU (3) × SU (3)/SU (3). By reduction of SU (3) × U (1)/SU (2) × U (1) to SU (2) × U (1)/U (1), the construction gives a topological derivation of the WZW term for the Standard Model Higgs field.
I. INTRODUCTION
Many interesting four-dimensional field theories are defined on field spaces of nontrivial topology. For example, the chiral lagrangian for QCD with three massless flavors is described by fields living in SU (3) L × SU (3) R /SU (3) V ∼ = SU (3). It is well-known that in such cases care must be taken to include all interaction terms that are physically acceptable, but for which the properties of four dimensionality, locality, and invariance under the global symmetry cannot be made simultaneously explicit.
The original construction of Wess and Zumino [1] works "top down" from the known nonabelian anomaly for SU (n) L × SU (n) R . The anomalous action is obtained by "integrating" the anomaly, subject to a chosen boundary condition. An alternative "bottom up" derivation was first elucidated by Witten [2] . Starting from the field U (x) ∈ SU (n), and the global symmetry SU (n) L × SU (n) R , we can ask, in the spirit of effective field theory, what is the most general interaction that can be built from U (x), and that is invariant under this global symmetry. The topology of SU (n), for n ≥ 3, allows the construction of a novel term in the action, that turns out to be identical to the result obtained by integration. When coupled to gauge fields, a gauge variation reproduces the nonabelian anomaly that was the starting point in the "top down" approach [34] .
In the context of extending the Standard Model electroweak and Higgs sector, it is the bottom-up perspective that is more appropriate. As emphasized in [5] , observation of anomalous interactions can provide a pathway to high-scale ultraviolet completion physics. The SU (3)/SU (2) Wess Zumino Witten (WZW) term is an important feature in various extended Higgs sectors of electroweak symmetry breaking [6, 7, 8, 9] . This paper presents explicit expressions for the fully gauged action for phenomenological applications.
The SU (3)/SU (2) WZW term is of a particularly simple form, owing to the observation that SU (3)/SU (2) ∼ = S 5 , with S 5 the five-sphere. The simplicity of this WZW term affords an opportunity to illustrate several general features of WZW terms, for example the appearance of factors of two when the topological index π 4 (H) = 0 for general G/H, and the significance of the Bardeen counterterm.
The remainder of the paper is organized as follows. Section II reviews the construction and gauging of the topological action using the related example of SU (2) × U (1) → U (1) in two dimensions. Section III gives results for the SU (3) × U (1) → SU (2) × U (1) case in four dimensions. Section IV concludes by mentioning several applications of the four-dimensional action.
Many features of the WZW term for SU (3)/SU (2) or SU (3) × U (1)/SU (2) × U (1) in four dimensions enter in the analysis of SU (2) × U (1)/U (1) in two dimensions. Since the algebra is much simpler in the two-dimensional model, this example is used to introduce notation and to illustrate several important issues.
A. Topological action and quantization condition
Let us consider the symmetry breaking pattern SU (2) × U (1) → U (1), corresponding to a VEV for an isodoublet scalar field. The field space is SU (2) × U (1)/U (1) ∼ = S 3 , with S 3 the three-sphere. This space can be described by vectors Φ = (φ
We look for globally SU (2)×U (1)-invariant lagrangian interactions involving Φ. Examples with two derivatives include
Another, topological, interaction enters at this order. The starting point for the topological construction is a
The action is then (displaying the first nonvanishing term from Γ 0 in addition to nonzero terms involving gauge fields through second order in mesons),
Here h ± = h 1 ∓ ih 2 , and the gauge bosons are separated in terms of the light "photon" B, and the heavy D and C ± :
The gauge invariant operator (17) is
C. Anomaly
The action (16) has the anomalous gauge variation,
This can be viewed as the anomaly for a doublet of lefthanded fermions and a single right-handed fermion trans-
We will discuss later an equivalence between the SU (3)/SU (2) WZW term and a limit of the
3 , a similar but simpler equivalence holds.
Let us for the moment ignore the U (1) factor in
where we write[40]
Performing a local gauge variation of the action (24) , and compensating with gauge fields, the gauged action becomes
(26) The anomalous gauge variation of the action is
We can implement the diffeomorphism between SU (2) and S 3 by
Let us also identify,
The actions (16) , taken at A 0 = 0, and (26) , are now easily shown to be identical. First note that the variations (22) and (27) coincide, so that the actions differ only by gauge invariant operators. The equivalence is established using the SU (2) identities, for arbitrary SU (2)-valued one-forms α, β, and for an arbitrary onedimensional projector P 2 = P :
In particular, with
and with Φ and U as in (28) , it follows that
establishing the equivalence between the actions (16) and (26), with c = 0 in (17) . The equivalence can be extended to include the U (1) factor by writing
with P as in (31 
E. Counterterms and anomaly integration
The gauged WZW term for SU (2) × U (1)/U (1) in two dimensions affords a simple context to see the equivalence between "top down" anomaly integration and the preceding "bottom up" approach. Here we find the necessary counterterm for the integration to be possible.
Let us choose the orientation of Φ which breaks the global SU (2) × U (1) symmetry as
The components of the SU (2) × U (1) gauge bosons are defined as in (20), and for the corresponding gauge transformations in (6) we write:
The anomaly expression (22) then becomes
(36) We notice that δΓ W ZW vanishes when both the gauge variation and the background gauge fields are restricted to the unbroken U (1) subgroup-i.e., ǫ C ± = ǫ D = 0 and C ± = D = 0. However, in the presence of arbitrary C ± and D fields, the action still has an anomalous gauge variation even when ǫ C ± = ǫ D = 0. We can find a counterterm that preserves gauge invariance in the unbroken fields for arbitrary background fields, and converts the anomaly to the "covariant" form. This is the analog of the Bardeen counterterm [14, 15] , which for the present case is
where Φ is the orientation of Φ which breaks the global symmetry. Taking Φ as in (34) , and using (16), the counterterm is [41]
With the addition of the counterterm, the gauge variation becomes
and we see that the resulting action is gauge invariant under the unbroken subgroup, in the presence of arbitrary background gauge fields [42] . For a general orientation of Φ , the variation of the complete action with counterterm is
where in the last line A denotes the (covariant) anomaly, and the sum runs over broken generators. We remark in passing that since the action is welldefined, by its topological construction, the gauge variation (22) is guaranteed to be a "consistent" anomaly. That is,
where f abc are the structure constants of SU (2) × U (1), and ∆ a are generators of gauge transformations on the gauge fields:
Adding the Bardeen counterterm does not change the consistency of the anomaly, since it is again a well-defined object (the reduction of the topological action to a constant value for the meson field). Eq.(41) can be verified to hold using the explicit form of the anomaly in (40).
Given a consistent anomaly that vanishes on the unbroken subgroup (U (1) in this case), it is possible to "integrate" the anomaly to obtain an effective action with the stated anomalous gauge variation. The solution is [1] :
Under a gauge transformation e i(ǫ+ǫ0) ∈ SU (2) × U (1), the generalized pions transform as a nonlinear realization [19] e iπ → e i(ǫ+ǫ0) e iπ e −iǫ
The
Here ǫ ′ is an element of the unbroken group chosen such that e iπ is generated by the broken subgroup. This defines a unique local transformation π → π ′ . It is readily verified using (44) and (45) that (43) is a solution to (40).
With the coordinates for the pions as in (18), i.e. Φ = e iπ (0, 1) T , and the gauge fields as in (20), we have
Substituting these explicit expression into (43) yields the result in (19) , minus the term with zero pions that has been subtracted by the counterterm. In order to avoid discontinuous jumps in the action under small fluctuations in the pion fields, the action should be quantized as in (5).
III. SU (3) × U (1)/SU (2) × U (1) IN FOUR DIMENSIONS
Although algebraically more complicated, the case of SU (3) × U (1)/SU (2) × U (1) in four dimensions proceeds in complete analogy to the above case of SU (2) × U (1)/U (1) in two dimensions.
A. Topological action and quantization condition
The field space is described by the three-component complex scalar field,
satisfying
The starting point for the topological construction is a closed five-form that is invariant under global SU (3) × U (1) transformations. The unique choice is
where the normalization is chosen such that ω is the volume element on the five-sphere. Noting that π 4 (S 5 ) = 0 and π 5 (S 5 ) = Z, and using that the volume of the five sphere is π 3 , the WZW action is well-defined up to multiples of 2π if we take
where M 5 is a five-dimensional manifold with spacetime M 4 as its boundary, and p is an arbitrary integer[43].
B. Gauging the topological action
We consider again the local variation
where ǫ = 8 A=1 ǫ A λ A and ǫ 0 generate SU (3) and U (1) transformations respectively. The corresponding variation of Γ 0 is
To see that the result is four-dimensional, we notice that
for fields confined to the five-sphere. The gauge variation then becomes
By construction, the gauge variation must vanish for constant ǫ 0 and ǫ. To see this explicitly, we notice that for Φ † Φ = 1 we have the SU (3) identities
so that finally
(56) This variation can be cancelled by a term with one gauge field, and so on. Details of the derivation in this case are presented in Appendix A. The complete result reads
where terms with 1,2,3,4 gauge fields are:
There are additional four-form operators that are separately gauge-invariant:
where the covariant derivative acts as
The gauge variation of the action (57) is independent of Φ,
Note that this is the anomaly for a triplet of left-handed fermions
T , and a single right-handed fermion, ψ R , each with 2p internal coordinates ("colors"),
In a manner similar to the two-dimensional example, we can find an equivalence of the SU (3)/SU (2) WZW term to a limit of the SU (3) × SU (3)/SU (3) WZW term. Recall that the latter in its ungauged form may be written
with β as in (25) . We start from the nonlinear realization of SU (3) on SU (3)/SU (2):
where ξ is an SU (3) matrix given by the exponential of broken generators. The equivalence is stated as
The dictionary is
where SU (3)/SU (2) ∼ = S 5 is implemented by
Note thatÃ R is the projection of ξ † (A + id)ξ onto the unbroken SU (2) subgroup.
Equation (61) shows that the actions (65) have the same gauge variation, i.e., the actions are equivalent up to gauge invariant operators. The exact equivalence can again be demonstrated explicitly. For example, introducing
the equivalence for terms without gauge fields follows from the form identity
using (50) and the gauged version of (63). Hereβ is the projection of β onto the unbroken SU (2) subgroup, as in (66). The coefficients of gauge invariant operators can be fixed by examining the equivalence at U = ξ = 1 1 3 . This yields
The equivalence can be extended to
and
A physical basis for the equivalence is the "eating and decoupling" scenario discussed in [5] . Here ξ is extended to a full unitary matrix U ∈ SU (3) L × SU (3) R /SU (3) V , with SU (3) made to act on the left. If we couple SU (2) gauge fields to the unbroken right-handed symmetries, then the extraneous NGB's are eaten by these fields. In a strong coupling limit, the extra gauge fields become nondynamical, enforcing the locking condition (66). Since SU (2) does not have a continuous anomaly, the gauging is anomaly free provided that the coefficient, N , of the WZW term is even.
E. (No) Skyrmion
In the previous section, it was shown that the WZW term for SU (3)/SU (2) is equivalent to a certain limit of SU (3) × SU (3)/SU (3), but with an even number of colors. We thus expect that the Skyrmion solution in the latter case is absent. This is verified by noticing that π 3 (S 5 ) = 0. This can also be seen from the fact that no analog of a conserved Goldstone-Wilczek baryon current [20] can be constructed from Φ, since
IV. SUMMARY
Much of the complexity of WZW terms stems from the difficulty in identifying a five-sphere inside a nontrivial field space such as SU (3). In the case of SU (3)/SU (2), the field space is the five-sphere, giving rise to a particularly simple WZW term. The present paper gives explicit results for the fully gauged action.
The action (57) plays a role in phenomenological models of extended Higgs sectors of electroweak symmetry breaking. For example, the SU (3)/SU (2) Little Higgs model [8] with generation-independent gauging requires a WZW term for anomaly cancellation. A variant with distinct third-generation quantum numbers [21] also allows a WZW term, and the quantization of the action (50) restricts possible strongly-coupled UV completions to those with even numbers of "colors". The WZW term in general gives rise to interactions violating a discrete "T parity" [22, 23] . Related applications have been discussed in [5, 24, 25, 26, 27, 28, 29] . The same WZW term would appear in extensions that incorporate a custodial symmetry by embedding SU (3) into larger spaces, e.g. SU (4)/Sp(4) or SO(6)/SO(5) in place of SU (3)/SU (2) [30, 31] .
Another application is to the description of "decoupled" fermions in the Standard Model, and the associated WZW term built from the Higgs field [32] . Naively, since the NGB's of the Higgs field live on SU (2)×U (1)/U (1) ∼ = S 3 , and π 5 (S 3 ) = 0, there is no associated topological interaction. This is reminiscent of the fact that a topological derivation of the U (2) L × U (2) R /U (2) V WZW term requires embedding inside a larger U (n) space, n ≥ 3. A similar reduction of SU (3) × U (1)/SU (2) × U (1) gives a topological derivation of the WZW term for the Standard Model Higgs. In particular, taking
with W = W A σ A /2 and H an isodoublet Higgs field, (57) yields the anomalous interaction that would describe, e.g., the result of integrating out a generation of heavy leptons, or heavy quarks, after spontaneous symmetry breaking. Consider fermion doublets Ψ L and Ψ R cou-
The anomalous variation of the gauged fermion action is[44]
Using (75) in (61) shows that the anomaly of the reduced WZW term matches that of the fermions provided
In particular, integer values of p are sufficient to describe a single generation of quarks or leptons. The custodial symmetry limit considered in [32] is recovered for particular values of the coefficients in (59). These can be fixed by considering e.g. the action at H = (0, 1) T , and are
The operator corresponding to the remaining linear combination vanishes in this case due to relations such as (8) , (10) .
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APPENDIX A: DIFFERENTIAL GEOMETRY IDENTITIES
The brute force gauging of the SU (3)/SU (2) WZW term involves the use of several nontrivial identities, such as (55), relating combinations of the Gell-Mann matrices and complex triplets with Φ † Φ = 1. Similar identities, (8) and (10), occur in the two-dimensional example.
While not essential at the practical level, it is helpful to use the language of differential geometry in order to see the origin of these manipulations. For more details, see Ref. [33] , whose notations are largely adopted here.
SU (2) × U (1) in two dimensions
To introduce notation, consider SU (2) × U (1)/U (1) in two dimensions. As discussed above (1), we may identify Φ = (φ 1 (x) + iφ 2 (x), φ 3 (x) + iφ 4 (x)) T and work in the metric g ij defining the sphere (φ 1 ) 2 + (φ 2 ) 2 + (φ 3 ) 2 + (φ 4 ) 2 = 1. For example, a local set of real coordinates around φ 1 = φ 2 = φ 3 = 0 is φ = (φ 1 , φ 2 , φ 3 ) T , and the metric in these coordinates becomes
The variation (6) may be written
where ξ a are Killing vectors, ∇ {i ξ aj} = 0, satisfying
with f abc the structure constants on SU (2) × U (1). In the above coordinates we may take 
In the following, a = 0 . . . 3 and A = 1 . . . 3. Consider the topological action as in (5),
where ω is a closed three-form, dω = 0 and C is constant. The variation (6) is δω = (dǫ a )i a ω + ǫ a £ a ω = d(ǫ a i a ω) + ǫ a (−di a ω + £ a ω) .
Here £ a is the Lie derivative, and i a is the inner derivative, acting on p forms as
For the present case, the three-forms v a satisfying (A10) are
